Introduction
There is a classical description of covering maps of a \good" space B in terms of actions of the fundamental group 1 (B; b) of B. This description can instead be used as a de nition of the fundamental group.
There are second order analogues of the fundamental group. These include not just the second homotopy group but also the crossed module formed by the second relative homotopy group and the fundamental group, as considered by Whitehead 11] and by Mac Lane and Whitehead 10] . Several closely related structures were proposed by Quillen (the crossed module of a bration), Brown and Higgins (the double groupoid of a pair 3]), Loday (the fundamental cat 1 -group of a map 9, 4]), and others.
However there has been no corresponding theory of second order covering maps. The purpose of this paper is to develop such a theory for simplicial sets, as a special case of Galois theory in categories 6]. The second order notion of fundamental groupoid arising here as the Galois groupoid of a bration is slightly di erent from the above notions but School of Mathematics, University of Wales, Bangor, Gwynedd LL57 1UT, U.K. y Mathematics Institute, Georgian Academy of Sciences, Tbilisi, Georgia. This research was supported by INTAS Grant 93-436`Algebraic K-theory, groups and categories', and by the London Mathematical Society.
1 it yields the same notion of the second relative homotopy group, considered as a crossed module.
The paper contains four sections. The rst section recalls an appropriate simpli ed version of Galois theory in categories with respect to an adjunction 6]. The second section describes the connection with the classical theory of coverings. The main results are in the third section: this gives the Galois theory with respect to the adjunction between simplicial sets and groupoids. The fourth section gives the corresponding notion of second order covering and second order fundamental double groupoid; these second order coverings are described as the \ brational" internal actions of this double groupoid in the category of groupoids.
Galois theory in categories
Let C be a category with pullbacks and F a class of morphisms in C containing all isomorphisms, closed under compositions, and pullback stable: F can be considered as a ?! IH(X) X ?! X:
Let ? = (C; X X; I; H; ; ; F; F 0 ) be the data above; as in 6] we will say that ? is a Galois structure. If A A has pullbacks, then so also does C , but the converse is not true; we will assume only that C has pullbacks.
Consider the following Galois structure ? = (C; X X; I; H; ; ; F; F 0 ): C = Fam(A A) as above, assuming that A A has a terminal object t; and C has pullbacks; X X = Sets; I : (A ) 2 7 ! ; H : X 7 ! P x2X t = (A x ) x2X where A x = t for all x 2 X; with obvious and ; F and F 0 are the classes of all morphisms in C and X X respectively. If p : E ! B is an e ective descent morphism in C with connected E; i.e. with E in A A, then Spl ? (E; p) consists of those (A; ) 2 (C # B) for which there exists an isomorphism in (C # E) of the form
where E is a (possibly in nite) coproduct of copies of E with the canonical morphism to E { in fact this coproduct is just a family each member of which is E:
Clearly (4) 
between the category Cov(B) of covering spaces over a \good" topological space B; and the category Sets 1 (B) of its fundamental group actions. In fact (5) is a special case of the covering theory in a molecular topos { see M. Barr and R. Diaconescu 1], which itself is a special case of the situation considered here as explained in detail in 7] .
Note that the category Sets op of simplicial sets can also be used as C (any category of the form Sets D , where D is a small category, is a molecular topos and in particular is the category of families of its connected objects), which again will give (5) as a special case of (1). 3 The Galois structure for second order coverings The exact sequence for a bration used above is described in 5 
f B (7) in which i is the inclusion of the k-horn of n : We Since pr 1 is a bration, the lift f 0 1 exists, and then pr 2 f 0 1 is the required completion. We can apply proposition 3.1 to complete the proof once we know that p satis es the condition 1.1. For this it su ces to show that E; E B E; E B E B E are Kan complexes.
This follows from the assumptions that E is Kan and p : E ! B is a bration, since then E B E B E ! E B E ! E are also brations. Proof As mentioned in 6, 5.5c] it su ces to show that the canonical morphisms
I((E B E) E (E B E)) ! I(E B E) I(E) I(E B E) I((E B E) E (E B E) E (E B E)) ! I(E B E) I(E) I(E B E) I(E) I(E B E)
are isomorphisms. However, this follows from the more general known statement (which can be easily proved using again standard arguments involving the exact sequence of a bration): The functor I = 1 preserves all pullbacks in the category of groupoids for which the projection functor : F 0 ! 1 (E) is a bration. Remark 4.3 As mentioned in proposition 3.5, Gal I (E; p) is just a double groupoid { but it is better to consider it as an internal groupoid in the category of groupoids, since there are two ways to consider a double groupoid as such an internal groupoid. Now we can de ne the second order fundamental groupoid of a Kan complex B as Gal I (E; p), where p : E ! B is as in the theorem above. It is determined uniquely up to certain \Morita equivalence", and naturally contains the fundamental groupoid 1 (B) together with the action of this groupoid on the family f 2 (B; b)g b2B of second homotopy groups of B.
Note that all bres of second order coverings are groupoids, so that this theory is related to that of the classi cation of bre bundles with bre a K(G; 1) , where G is a groupoid.
